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Abstract. The p-adic g-integral (= /^-integral) was defined by author in the previous paper [1, 3]. In this 
paper, we consider /^-Fourier transform and investigate some properties which are related to this transform. 



il. Introduction 



Q, ' Let us denote N, Z, Q, C sets of positive integer, integer, rational and complex numbers respectively. 

Let p be prime and x G Q. Then x = p^^^^^, where m,n,v = v{x) G Z, m and n are not divisible by 
j> p. Let \x\p = p~'"^^^ and |0|p = 0. Then \x\p is valuation on Q satisfying 
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\x + y\p < max{|a;|p, \y\p}. 



Completion of Q with respect to | ■ |p is denoted by Qp and called the field of p-adic rational numbers. 
O is the completion of algebraic closure of Qp and Zp = {x E Qp \ \x\p < 1} is called the ring of p-adic 
r-| rational integers(see 1, 2, 3, 4]). Let / be a fixed integer and let p be a fixed prime number. We set 



Xi = ^m{Z /Ip^Z), and Xi = Zp, 

N 



X*= [j (a + lpZp), 

0<a<lp 
(«,P) = 1 

a + Ip^Zp = {xeX\x = a (mod Ip^)} 



where N e'H and a G Z lies in < a < Ip^ , cf. [3]. 

When one talks of g-extension, q is considered in many ways such as an indeterminate, a complex 
number g G C, or a p-adic number q G Cp. In this paper, we assume that g G Cp with — l|p < p~p^, 
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SO that = exp(a;logq') for each x E X. We use the notation as [x] — [x; q] — for each x E X. 
Hence hmq^i[a;] = x, cf.[3]. For any positive integer N, we set 

fiq{a + lp^Zp) = 1^-^, cf. [3], 

and this can be extended to a distribution on X. This distribution yields an integral as follows (see 
[3]): 

W)= f{x)dllq{x)= f{x)dllq{x), 

JZp J X 

where / G UD(ljp) = the space of uniformly differentiable function on Zp with values in Cp, cf. [3]. 
Let Cpn. be the cyclic group consisting of all p^-th roots of unity in Cp for any n > and Tp be the 
direct limit of Cpn with respect to the natural morphism, hence Tp ia the union of all Cpn with discrete 
topology. Up denotes the group of all principal units in Cp. For any f E U D{Zp, Cp), we have an integral 
/o(/) with respect to the so called invariant measure fio: 

r 1 

^o(/) = / f{x)dMx) = lim — V fix), cf. [3, 4] , 

and the Foiuier transform fyj — Io(f(pw), where (p^ denotes a uniformly differentiable function on 
Zp belonging to w e Tp defined by (t>w{x) — w^, cf. [4]. Now we introduce the convolution for any 
figE UD{7ip, Cp) due to Woodcock as follows: 

f*g{x) = ^fw9w(f>w-^{x), see [3, 4]. 

w 

As known results, f * g E UD{Zp,Cp), and {f * g)w — fwgw, ( see [4]). In this paper, we consider 
Iq-Fourier transform and investigate some properties which are related to this transform. It is easy to 
see that /^-Fourier transform is exactly same Jo-Fourier transform when q = 1. 

§2. /q-FOURIER TRANSFORM 

For any / E UD{X), the p-adic g- integral was defined by 



0<a;<V 



Note that 



and that 



Jo(/) = lini/g(/) = / f{x) dfii{x) = lim V f{x), 

/o(/i) = /o(/) + /'(O), where /'(O) = ^/(^)U=o and h{x) = f{x + 1). 



T. KIM 3 

Let Tp — U„>iCpn = lim^^(X) Z,/p"^Z, where Cpn = E X\ — 1} is the cychc group of order p", 
see [1]. For ^ e Tp, we denote by : l^p ^ Cp the locally constant function a; i— > If we take 
f{x) = (f)^{x)e*^, then we have that J-^ e*^ (f)^{x)dfj,q{x) = ||^T§f, cf. [2]. We now consider /^-Fourier 
transform as follows: 

{fw)q = Iq{(pwf) = / 4>w{x)f{x)dnq{x), where / e UD{Zp), w e Tp , 
and its inverse transform is derived by 

^ hm ^""hiKf) = ^ lim «'"'r^ E ^'/(^)^' = fi^)U^)- 

^ x=0 ^ a;=0 ^ -I z=Q 

Thus, we obtain the below proposition. 

Proposition 1. Let f e UD{Zp,Cp). Then we have the inverse formula of Iq-Fourier transform as 
follows: 

f{x)(j)q{x) = V0„-i(/u,)q, where V = lim V . 

Remark. In [4], we note that if a E Up, then (f)^ is called locally analytic character and if a e Tp, 
then 0Q; is called locally constant function. For f,gE UD{Zp), we consider the convolution of f,g by 

f *q9 ^ y^Xfwq-^)qi9ZP^)q4>w-^- 
w 

Thus, we note that 

f*qge UD{Zp), and {{f *q g)wq-^)q = {fwq-^)q{gZP~^)q- 

And we also see that 

UD{Zp,Cp)/{f e UD{Zp,Cp)\f' = 0} ^ C(Zp,Cp), 

where C(Zp,Cp) is the space of the continuous function from Zp to Cp. Another convolution <S)q is 
induced from the above convolution *q by (/ *q g)' = —f ®q g' ■ Then, we also see that f <S>q g & 
UD{Zp, Cp). From these definitions, we can derive the below theorem. 

Theorem 2. For f,g& UD{Zp,Cp), we have 

f*q9iz) = ^I^^Hfix)giz-x)cf>q-.ix)) - {f®qg'{z)), 

where Iq ' means the integration with respect to the variable x. 
Since ((/ *q g)u,q-i)q = {fwq-i)q{9ZP^)q, w G Tp, wc havc 

if *q 9{x))q~''diiq{x) = f{x)q-''diiq{x) j g{x)q-''diiq{x). 
From this, we can derive the below worthwhile and interesting formula: 
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Theorem 3. Let f,g& UD{Zp, Cp). Then we have 
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